Abstract. We study the relation between representations of color Lie algebras and their cocycle deformations. In particular, we obtain a class of FCR-algebras, which are related to some color Lie algebras. As an application, we compute all the finite-dimensional simple representations of the color Lie algebra sl Scheunert studied these algebras systematically. It turns out that these algebras are closely related to Lie algebras and super Lie algebras. Nowadays, these algebras are called color Lie algebras and they are of constant interest to both mathematicans and physicists.
Introduction
In [RW] Rittenberg and Wyler introduced a class of algebras generalizing the notions of Lie algebras and super Lie algebras. In [Sch] Scheunert studied these algebras systematically. It turns out that these algebras are closely related to Lie algebras and super Lie algebras. Nowadays, these algebras are called color Lie algebras and they are of constant interest to both mathematicans and physicists.
Let K be a field of characteristic zero. For a color Lie algebra L over K, there are two associative algebras related to L, namely, the universal enveloping algebra U(L) and the augmented universal enveloping algebra U (L) (see section 1). It is well-known that the category of representations of L is equivalent to the category of representations (or modules) of U(L); U(L) is a Hopf algebra containing U(L) as a subalgebra. Following [KS] and [KSR] , an associative algebra A over K is said to be an FCR-algebra ( FCR ="Finite dimensional representations are Completely Reducible") if every finite-dimensional representation of A is completely reducible and the intersection of the annihilators of all the finite dimensional representations is zero. Classical examples of such algebras are finite-dimensional semisimple algebras, the universal envelpoing algebra U(g) of finite-dimensional semisimple Lie algebra g and the quantized enveloping algebras U q (g) for q not a root of unity. So a natural question is : for what color Lie algebra L, the algebras U(L) and U (L) are FCR-algebras?
This note gives a partial answer to the above question. We assume that the considered color Lie algebra L is finite-dimensional and is graded by a finite group. It turns out that the cocycle deformation preserves the property FCR; moreover, we show that U(L) is an FCRalgebra if and only if U(L) is an FCR-algebra, see Theorem 2.4. As a direct consequence, if L is a cocycle deformation of a finite-dimensional semisimple Lie algebra, then both U(L) and U(L) are FCR-algebras.
We arrange the note as follows: in section 1, we recall some basics on color Lie algebras; in section 2, we introduce the notion of cocycle deformation and study its relation with representations of color Lie algebras, see Theorem 2.4, the proof of which is given in section 3; in the last section, we compute all the simple representations of a concrete color Lie algebra sl c 2 , which is cocycle-deformed from Lie algebra sl(2, K), see Theorem 4.2.
Preliminaries
Throughout we will work with a field K of characteristic zero. All unadorned tensor products are over K. Let us recall some basics on color Lie algebras.
Let G be an abelian group with the identity element e, and ε :
By a G-graded ε-color Lie algebra L, we mean that L = ⊕ g∈G L g is a graded space over K, equipped with a bilinear multiplication
for all x ∈ L g , y ∈ L h and g, h ∈ G. In present note, we mainly interested in finite-dimensional representation of finite-dimensional color Lie algebra L indexed by finite group G. The universal enveloping algebra U(L) of L is defined as the quotient algebra of the tensor algebra T (L) modulo the two-sided ideal generated by x ⊗ y − ε(g, h)y ⊗ x − x, y for all x ∈ L g , y ∈ L h and g, h ∈ G. We write the canonical map as i L : L −→ U(L). Note that U(L) is a G-graded associateive algebra and i L is a graded map of degree zero. Obviously the category of representations of L is equivelent to the category of representations of U(L). So the question we arise in the introduction can be re-stated as: for what color Lie algebra L, all its finite-dimensional representations are completely reducible and it has enough finite-dimensional representations?
It is remarkable that Poincaré-Birkhoff-Witt theorem holds for the algebra U(L) for any color Lie algebras L, see [Theorem 1, Sch] or [Section 3, Hu] . For later use, we quote it as Proposition 1.1. Let L be a G-graded ε-color Lie algebra with the universal enveloping algebra U(L), then the canonical map i L is injective. Moreover, if {x i } i∈Λ is a homogeneous basis of L, where Λ is a wellordered set, then the set of ordered monomials
Let us recall the notion of augmented universal enveloping algebra
is Hopf algebra with coalgebra structure maps ∆, ǫ and antipode S as follows
where g ∈ G and x ∈ L h . (See [Hu] or [Khar] .) Using Corollary 1.2, immediately we have,
If L is finite-dimensional and G is a finite group, then U(L) is a two-sided noetherian Hopf algebra.
Cocycle Deformation
In this section, we introduce the notion of cocycle deformation of color Lie algebras, which appeared in [RW] and [Sch] in a quite different form. It turns out that cocycle deformation plays an important role in representation theory of color Lie algebras, see Theorem 2.4.
for all g, h, k ∈ G. Fix φ : G −→ G to be a group morphism, where G is an abelian group. With the data (c, φ), we can give out
We define the cocycle-deformation of L with respect to the data (c, φ), denoted by L, to be as follows:
L is given to a blinear multiplication
One has the following observation:
Lemma 2.2. With the same notation in Definition 2.1.
for some antisymmetric bicharacter ε of G. Then L is a G-graded ε-color Lie algebra with multiplication −, − .
Proof The proof is straightforward. Clearly, the grading condition of L holds; and the color symmetry follows exactly from the condition (2.1). We have to check the color Jacobi identity, i.e.,
. By the definition of −, − and the color Jacobi identity of L, it suffices to
For the first equality, note that the condition (2.1) implies
, the first equality follows exactly from
which is well-known in the case of abelian group. Similarly, one can show the second equality.
Remark 2.3. Assume that G is a finitely-generated abelian group. By [Theorem 2, Sch], any G-graded ε-color Lie algebra L can be deformed into a super Lie algebra L. Moreover, if ε(g, g) = 1 for all g ∈ G, the resulted super Lie algebra L is a Lie algebra.
Our main result in this section is Theorem 2.4. Let G be a finite abelian group and L a finite-dimensional G-graded ε-color Lie algebra.
(1). Assume that L is the deformation of L with respect to the data (c, φ) such that the condition (2.1) is satisfied, then U( L) is an FCRalgebra if and only if U(L) ia an FCR-algebra.
(2). U(L) is an FCR-algebra if and only if the augmented universal enveloping algebra U(L) is an FCR-algebra.
Remark 2.5. By Remark 2.3 and Theorem 2.4 (1), we know that to see whether U(L) is an FCR-algebra for a given color Lie algebra L is the same as to see whether U( L) is an FCR-algebra, where L is the super Lie algebra deformed from L. Note that for a finite-dimensional super Lie algebra L, U(L) is an FCR-algebra if and only if L is a direct sum of a semisimple Lie algebra and finitely many orthosympletic Lie super algebras osp(1, 2r) for r ≥ 1, see [Thoerem 2.13, KiS] .
Proofs of Thoerem 2.4
Recall that for a 2-cocycle c :
c is defined as:
The following lemma refines [Thoerem 2, RW] and [Proposition 4, Sch] .
Lemma 3.1. Let L be a G-graded ε-color Lie algebra and L the deformation with respect to the data (c, φ). Assume that the condition (2.1) holds, then there is an algebra embedding
Proof By the universal property of U( L), to show that the algebra map Θ is well-defined, it suffices to show that
The injectivity of Θ follows from Proposition 1.1 (note that ε(g, g) = 1 if and only if ε(φ(g), φ(g)) = 1).
Assume that A e is a K-algebra and G acts on A e as algebra automorphisms, and c : G × G −→ K × is a cocycle. Recall that the corresponding crossed product A e * c G is just a free A e -module with basisḠ, whereḠ = {ḡ|g ∈ G} is a copy of G as a set, and its multiplication is given by (a * ḡ) · (b * h) := c(g, h)a(g.b) * ḡh, for all g, h ∈ G and a, b ∈ A e . (We denote by "." the G-action on A e , see [NV] .) We need the following lemma, which seems well-known.
Lemma 3.2. Let G be a finite abelian group and A = A e * c G is a crossed product between a two-sided noetherian algebra A e and G, then A is an FCR-algebra if and only if A e is an FCR-algebra.
Proof Clearly we may assume that c(g, e) = c(e, g) = 1 for all g ∈ G. So A e is naturally a subalgebra of A. For the "if" part, suppose that W is a finite-dimensional A-module with submodule V . Since A e satisfies FCR, there exist an A e -module map p e : W −→ V such that
Note thatḡ
It is direct to check that p is an A-module map and p| V = Id V . Consequently, allthe finitedimensional representations of A are completely reducible. Moreover, for any nonzero element a = g∈G a g * ḡ in A, where a g ∈ A e , assume that a h = 0 for some h ∈ G, then there is a finite-dimensional A e -module W on which a h acts nontrivially. So a acts on the finitedimensional A-module A ⊗ Ae W also nontrivially, i.e., the intersection of the annihilators of all the finite-dimensional A-module is zero. So A is an FCR-algebra.
For the "only if" part, first assume that K is a splitting field of G, i.e., KG ≃ K × · · · × K (|G|-copies). Set the dual group of G to be
There is a natural G * -action on A given by χ.a * ḡ := χ(g)a * g, ∀a ∈ A e , g ∈ G, χ ∈ G * .
Note that the invaraint subalgebra A G * = A e and that A is a twosided noetherian FCR-algebra, then A e is also an FCR-algebra by [Proposition 1, KS] . In general case, there is a finite-dimensional field extension F of K such that F is a splitting field of G. Note that F ⊗ A = (F ⊗ A e ) * c G and A is an FCR-algebra if and only F ⊗ A an FCR-algebra over F (see [Proposition 3, KS] ), now apply the above argument, the "only if" part follows immediately, with the lemma proved.
Proof of Thereom 2.4 : (1). Clearly U(L) is an FCR-algebra if and only if
c ⊗ U(L) is an FCR-algebra (also see [Proposition 3, KS] ). By Lemma 3.1, A e = Θ(U( L)) is isomorphic to U( L). In particular A e is two-sided noetherian by Corollary 1.2. We claim that A is a crossed product of A e and G.
In fact, there is a G-action on A e given by
With the above action, A e * c G ≃ A if we identify (u h ⊗ x) * ḡ with c(h, g)u gh ⊗ x, for all x ∈ U(L) h and g, h ∈ G. Now the result follows from Lemma 3.2 directly.
(2). Similarly, note that the augmented universal enveloping algebra
(Here the cocycle is trivial.) So the result also follows from Lemma 3.2, with Theorem 2.4 proved.
The color Lie algebra sl c 2
In this section, we study the finite-dimensional representations of a color Lie algebra, denoted by sl c 2 , which is a deformation of the Lie algebra sl 2 = sl(2, k). Throughout this section, the field K is the field of complex numbers.
4.1. Recall the notion of color Lie algebra sl c 2 (see [RW] , [GP] and [OS] ). Let G = Z 2 × Z 2 with a bicharacter ε given by ε((j 1 , j 2 ), (k 1 , k 2 )) := (−1)
and the multiplication given as
So the enveloping algebra U(sl c 2 ) of sl c 2 is generated by a 1 , a 2 , a 3 , subject to the following realtions a 1 a 2 + a 2 a 1 = a 3 a 2 a 3 + a 3 a 2 = a 1 a 3 a 1 + a 1 a 3 = a 2 .
An involution
2 ) into a * -algebra. Irreducible finite-dimensional * -representions of this algebra has been classified up to unitary equivelence in [GP] . More involutions of U(sl c 2 ) and the corresponding * -representations are considered in [OS] . In present note, we will see that U(sl c 2 ) is an FCRalgebra and all its fiite-dimensional simple representations can be written out explicitly. (Note in [RW] , some low-dimensional simple representations are listed.) 4.2. First note that the Lie algebra sl 2 is a G-graded Lie algebra: take {e, h, f } to be the stardard basis of the Lie algebra sl 2 , and define e 1 = i 2 (e − f ), e 2 = − So sl 2 = ⊕ g∈G X g is a graded Lie algbera, where
See Defiition 2.1, we know that sl c 2 is a cocycle-deformation of sl 2 as G-graded Lie algebra wiht respect to the data (c, φ) where φ = Id and the cocycle c is given by
In this case, the twisted group ring K [G] c = ⊕ g∈G Ku g is isomorphic to the full matrix algebra M 2 (K), just identifying
Immediately we have
Proposition 4.1. (1). There is an algebra embedding Θ : U(sl
(2). The algebra U(sl c 2 ) is an FCR-algebra. Moreover, every finitedimensional U(sl c 2 )-module M can be obtained as a submodule of some module M ′ , which is a M 2 (U(sl 2 ))-module and becomes a U(sl c 2 )-module via the map Θ.
). So the map Θ follows directly from Lemma 3.1. By Theorem 2.4 (1), the algebra U(sl c 2 ) is an FCR-algebra. Note that M 2 (U(sl 2 )) is a free U(sl c 2 )-module of rank 4, so for any given finite-dimensional U(sl
M, which will be a finitedimensional M 2 (U(sl 2 ))-module and clearly M is a U(sl 4.3. We will see that U(sl c 2 ) has four nonisomorphic simple modules of dimension 2l; five non-ismorphic simple modules of dimenision 2l − 1 for all integers l ≥ 0. (The same thing holds for * -representions of U(sl c 2 ), see [GP] .) They are as follows: (1) V n α : is an n-dimensional simple representations of U(sl c 2 ) with basis {e 1 , · · · , e n }, where α = (α 1 , α 2 ) and α 1 , α 2 ∈ {1, −1}. The action is given by a 1 .e j = α 1 (−1) j−1 2 ((2n − j)e j+1 − (j − 1)e j−1 ), 1 ≤ j ≤ n − 1; a 1 .e n = α 1 (−1) n−1 2 (α 2 ne n − (n − 1)e n−1 ); a 2 .e j = − 1 2 ((2n − j)e j+1 + (j − 1)e j−1 ), 1 ≤ j ≤ n − 1; a 2 .e n = − 1 2 (α 2 ne n + (n − 1)e n−1 ); a 3 .e j = α 1 (−1) j 2 (2n − 2j + 1)e j , 1 ≤ j ≤ n.
where e 0 = 0.
(2) W n : is an n-dimensional simple representations of U(sl c 2 ) with basis {e 1 , · · · , e n }, where n is odd. The action is given by a 1 .e j = (−1) j−1 2 ((n − j)e j+1 − (j − 1)e j−1 ); a 2 .e j = − 1 2 ((n − j)e j+1 + (j − 1)e j−1 ); a 3 .e j = (−1) j 2 (n − 2j + 1)e j , for all 1 ≤ j ≤ n , where e 0 = e n+1 = 0.
Our main resullt of this section is 
